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APPROXIMATION ALGORITHM FOR SCHEDULING A CHAIN

OF TASKS ON HETEROGENEOUS SYSTEMS
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• Increasing massive calculations

• HPC : Physical calculations, medical data, weather

• Data center : Google search, Facebook

• Significant increase in energy consumption

• Optimization of the ratio performance / watt

• Heterogeneous micro-server

• Several execution resources : CPU, GPU, FPGA,…

• Different properties : execution frequencies, energy consumption

• Platform : RECS@lBox Compute Unit 3.0 (Antares)

CONTEXT AND MOTIVATIONS
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CPU FPGA

Embedded

CPU
GPU

CmCPU,FPGA

• Data

• Tasks

• T = {t1, t2,..., tn}, T = n
• W = {w1, w2,..., wn}
• Cti,i+1: cost of communication between 

each pairs of tasks ti and ti+1, i < n

• Platform

• P = {p1, p2,..., pm}, |P| = m
• F = {f1, f2,..., fm}, f1 ≤f2 ≤… ≤ fm
• Cmk,l: cost of communication between

each pair of processors pk and pl

• Execution cost of task 𝒕𝒊 on 𝒑𝒋 processor

• Execution time: executi,j = wi/fj
• Energy: ei,j = wi ∗ fj

2

NOTATION

Execution

Objectives

Minimize

Completion of 

the application

(Makespan)

Total energy 

consumed by 

the system



𝐢

𝐧

𝐰𝐢 ∗ 𝐟𝟏
𝟐 ≤ 𝐄 <

𝐢

𝐧

𝐰𝐢 ∗ 𝐟𝐦
𝟐

Bound 𝐄

𝑡1 𝑡2 𝑡6 … 𝑡𝑛
𝐶𝑡1,2 𝐶𝑡2,3 𝐶𝑡3,4 𝐶𝑡4,5

𝑡3 𝑡5 𝑡𝑛−1
𝐶𝑡𝑛−1,𝑛
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• HCS : Heterogeneous Computer Systems

• PREC : Constraints of precedence

• DVFS : Dynamic Voltage Frequency Scaling

Articles

Machines environment criteria

Approximation 

Ratio

Methods of

ResolutionHCS PREC DVFS
Finish execution

Makespan
Energy

Zhong, Xiliang, Cheng 

(2007)
√ constraint objective Model + Heuristics

Lee, Young, Zomaya

(2009)
√ √ √ objective objective Heuristic

Young, Pasricha, 

Maciejewski (2013)
√ √ √ constraint constraint Heuristics 

Longxin, Kenli, Li 

(2016)
√ √ constraint objective Genetic algorithm

Perez Vasquez (2014) √ √ √ objective objective
Pareto heuristic/

Game TheoryTarplee, Friese, 

Maciejewski (2016)
√ objective objective

Xie, Xiao, Li (2016) √ √ √ objective constraint Heuristics

Aupy, Benoit,Dufossé, 

Robert (2013)
√ √ √ constraint objective √

Heuristics and exact 

algorithms for particular cases

Our work √ √ objective constraint √ Approximation algorithm

STATE OF THE ART
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j=1

m

xi,j = 1 ∀ i = 1. . n



i=1

n



j=1

m

xi,j ∗ ei,j ≤E ,with 

i

n

wi ∗ f1
2 ≤ E <

i

n

wi ∗ fm
2

starti+xi,j1 ∗ executi,j1 + xi,j1 ∗ xi+1,j2 Cti,i+1 + Cmj1,j2 ≤ starti+1

∀ j1 = 1. .m, ∀ j2 = 1. .m, j1 ≠ j2

• Variables

• starti = starting time of the task ti

• xi,j = ቊ
1 if task ti is placed on the processing element pj
0 otherwise

• Constraints

• Objective

• Minimize (Makespan):  Z(min) =startn + σj=1
m xn,j ∗ executn,j

Massinissa Ait aba

Each task must be 

executed once

Constraint on total 

energy consumed

Constraint of precedence

(P) 

PROBLEM MODELING
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• Mixed Integer Quadratic Constrained Program (MIQCP)

• Solver

• Implementation in C++ of the model (P)

• Data modeling (application and platform)

• Cplex

Exact method

Quadratic constraints

Scaling up difficult

METHODS OF RESOLUTION: SOLVER

(P) 

Z(min) =startn +

j=1

m

xn,j ∗ executn,j



j=1

m

xi,j = 1 ∀ i = 1. . n



i=1

n



j=1

m

xi,j ∗ ei,j ≤E ,with

i

n

wi ∗ f1
2 ≤ E <

i

n

wi ∗ fm
2

starti+xi,j1 ∗ executi,j1 + xi,j1 ∗ xi+1,j2 Cti,i+1 + Cmj1,j2 ≤ starti+1

∀ j1 = 1. .m, ∀ j2 = 1. .m, j1 ≠ j2

xi,j ∈ 0,1 , starti≥ 0 , i = 1. . n , j = 1. .m
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• Find the processing element 𝐩𝐣 𝐰𝐢𝐭𝐡 𝐣 = 𝐦𝐚𝐱{𝐥 ∈ 𝟏. .𝐦 , σ𝒊=𝟏
𝒏 𝒘𝒊 ∗ 𝐟𝐥 ≤ 𝐄}

W pj

pj+1

f1 ≤ f2≤ f3≤ f4 ≤ f5

p1

p2

p3

p4

p5

Time

W ∗ fj+1
2 > E

W ∗ fj
2 ≤ E

W =

i=1

n

wi

METHODS OF RESOLUTION: 1) PREEMPTIVE SCHEDULING (PS)
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• Saturate the energy constraint

Wj Wj+1

Wj+1

pj

pj+1

f1 ≤ f2≤ f3≤ f4 ≤ f5

p1

p2

p3

p4

p5

Energy = Wj ∗ fj
2 +Wj+1 ∗ fj+1

2 = E

Time

W ∗ fj+1
2 > E

W ∗ fj
2 ≤ E

W =

i=1

n

wi = Wj +Wj+1

METHODS OF RESOLUTION: 1) PREEMPTIVE SCHEDULING (PS)
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• Distribute the tasks on both processing elements 𝐩𝐣 and 𝐩𝐣+𝟏

t1 t2 t3 … tk′

tk′′ tk+1 tk+2 tk+3 … tn

𝑪𝒎𝒂𝒙
′ = 

𝑾𝒋

𝒇𝒋
+

𝑾𝒋+𝟏

𝒇𝒋+𝟏

Time



i=k′′

n

wi = Wj+1



i=1

k′

wi = Wj

tk= tk′+ tk′′

f1 ≤ f2≤ f3≤ f4 ≤ f5

W =

i=1

n

wi = Wj +Wj+1

p1

p2

p3

p4

p5

pj

pj+1

Cmax
′

METHODS OF RESOLUTION: 1) PREEMPTIVE SCHEDULING (PS)
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t1 t2 t3 … tk′

tk′′ tk+1 tk+2 tk+3 … tn

𝑪𝒎𝒂𝒙
′ = 

𝑾𝒋

𝒇𝒋
+

𝑾𝒋+𝟏

𝒇𝒋+𝟏

Time



i=k′′

n

wi = Wj+1



i=1

k′

wi = Wj

tk= tk′+ tk′′

f1 ≤ f2≤ f3≤ f4 ≤ f5

p1

p2

p3

p4

p5

pj

pj+1

Cmax
′

METHODS OF RESOLUTION: 1) PREEMPTIVE SCHEDULING (PS)

Lemma1: The set 𝑆 of schedules that saturate energy constraint is dominant

Lemma2: For any schedule s ∈ 𝑆, 𝐶𝑚𝑎𝑥
𝑠 ≥ 𝐶𝑚𝑎𝑥

′

𝑻𝒉𝒆𝒐𝒓𝒆𝒎: 𝐴𝑙𝑔𝑜𝑟𝑖𝑡ℎ𝑚 𝑃𝑆 𝑝𝑟𝑜𝑣𝑖𝑑𝑒𝑠 𝑡ℎ𝑒 𝑜𝑝𝑡𝑖𝑚𝑎𝑙 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑓𝑜𝑟 𝑛𝑜𝑛−𝑝𝑟𝑒𝑒𝑚𝑝𝑡𝑖𝑣𝑒 𝑠𝑐ℎ𝑒𝑑𝑢𝑙𝑖𝑛𝑔
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• Transform the solution of the preemptive scheduling to obtain a solution 

realizable for the non-preemptive scheduling

METHODS OF RESOLUTION: 2) NON-PREEMPTIVE SCHEDULING

Wj

Wj+1

p1

p2

p3

p4

p5

Time

f1 ≤ f2≤ f3≤ f4 ≤ f5

Energy = Wj ∗ fj
2 +Wj+1 ∗ fj+1

2 = E

W =

i=1

n

wi = Wj +Wj+1
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• Transform the solution of the preemptive scheduling to obtain a solution 

realizable for the non-preemptive scheduling
• Case 1: execute tasks  𝑡1 to 𝑡𝑣1 on 𝑝𝑗 then the rest on 𝑝𝑗+1

v1∈ 1. . n ie Cmax1 = min{
σi=1
v1 wi

fj
+

σi=v1+1
n wi

fj+1
+ Ctv1,v1+1 + Cmj,j+1, σi=1

v1 wi ≥ Wj}

Massinissa Ait aba

t1 t2 … tv1

tv1+1 tv1+2 … tn

p1

p2

p3

p4

p5

Time



i=1

v1

wi ≥ Wj

METHODS OF RESOLUTION: 2) NON-PREEMPTIVE SCHEDULING

W =

i=1

n

wi = Wj +Wj+1

Wj

Wj+1

f1 ≤ f2≤ f3≤ f4 ≤ f5

p1

p2

p3

p4

p5

Time

Cmax1

pj

pj+1

Energy = Wj ∗ fj
2 +Wj+1 ∗ fj+1

2 = E
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• Transform the solution of the preemptive scheduling to obtain a solution 

realizable for the non-preemptive scheduling
• Case 1: execute tasks  𝑡1 to 𝑡𝑣1 on 𝑝𝑗 then the rest on 𝑝𝑗+1

• Case 2: execute tasks  𝑡1 to 𝑡𝑣2 on 𝑝𝑗+1 then the rest on 𝑝𝑗

v2∈ 1. . n ie Cmax2 = min{
σ
i=1
v2 wi

fj+1
+

σi=v2+1
n wi

fj
+ Ctv2,v2+1 + Cmj,j+1, σi=v2+1

n wi ≥ Wj}
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t1 t2 … tv1

tv1+1 tv1+2 … tn

p1

p2

p3

p4

p5

tv2+1 tv2+2 … tn

t1 t2 … tv2

p1

p2

p3

p4

p5

Time

Time



i=1

v1

wi ≥ Wj



i=v2+1

n

wi ≥ Wj

Cmax1

Cmax2

METHODS OF RESOLUTION: 2) NON-PREEMPTIVE SCHEDULING

W =

i=1

n

wi = Wj +Wj+1

Wj

Wj+1

f1 ≤ f2≤ f3≤ f4 ≤ f5

p1

p2

p3

p4

p5

Time

pj

pj+1

pj

pj+1

Energy = Wj ∗ fj
2 +Wj+1 ∗ fj+1

2 = E
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• Transform the solution of the preemptive scheduling to obtain a solution 

realizable for the non-preemptive scheduling
• Case 1: execute tasks  𝑡1 to 𝑡𝑣1 on 𝑝𝑗 then the rest on 𝑝𝑗+1

• Case 2: execute tasks  𝑡1 to 𝑡𝑣2 on 𝑝𝑗+1 then the rest on 𝑝𝑗

• Case 3: execute all tasks on 𝑝𝑗
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t1 t2 … tv1

tv1+1 tv1+2 … tn

p1

p2

p3

p4

p5

tv2+1 tv2+2 … tn

t1 t2 … tv2

p1

p2

p3

p4

p5

Time

Time



i=1

v1

wi ≥ Wj



i=v2+1

n

wi ≥ Wj

Cmax1

Cmax2

METHODS OF RESOLUTION: 2) NON-PREEMPTIVE SCHEDULING

p1

p2

p3

p4

p5

t1 t2 t3 t4 t5 … tn−1 tn

TimeCmax3

W =

i=1

n

wi = Wj +Wj+1

Wj

Wj+1

f1 ≤ f2≤ f3≤ f4 ≤ f5

p1

p2

p3

p4

p5

Time

pj

pj+1

pj

pj+1

pj

pj+1
Energy = Wj ∗ fj

2 +Wj+1 ∗ fj+1
2 = E
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• Transform the solution of the preemptive scheduling to obtain a solution 

realizable for the non-preemptive scheduling
• Case 1: execute tasks  𝑡1 to 𝑡𝑣1 on 𝑝𝑗 then the rest on 𝑝𝑗+1

• Case 2: execute tasks  𝑡1 to 𝑡𝑣2 on 𝑝𝑗+1 then the rest on 𝑝𝑗

• Case 3: execute all tasks on 𝑝𝑗
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Wj

Wj+1

f1 ≤ f2≤ f3≤ f4 ≤ f5

p1

p2

p3

p4

p5

𝑪𝒎𝒂𝒙 = 𝐦𝐢𝐧{𝐂𝐦𝐚𝐱𝟏, 𝐂𝐦𝐚𝐱𝟐, 𝐂𝐦𝐚𝐱𝟑}

Time

t1 t2 … tv1

tv1+1 tv1+2 … tn

p1

p2

p3

p4

p5

tv2+1 tv2+2 … tn

t1 t2 … tv2

p1

p2

p3

p4

p5

Time

Time



i=1

v1

wi ≥ Wj



i=v2+1

n

wi ≥ Wj

METHODS OF RESOLUTION: 2) NON-PREEMPTIVE SCHEDULING

p1

p2

p3

p4

p5

t1 t2 t3 t4 t5 … tn−1 tn

Time

Cmax1

Cmax2

Cmax3

pj

pj+1

pj

pj+1

pj

pj+1
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• Cmax
⋆ : optimal solution for non-preemptive scheduling 

• Cmax: solution obtained by the approximate method (NPS)

• Cmax
′ : optimal solution for preemptive scheduling (PS), Cmax

′ = 
Wj

fj
+

Wj+1

fj+1

𝑻𝒉𝒆𝒐𝒓𝒆𝒎: the approximation ratio in the worst case is given by  
Cmax

Cmax
⋆ ≤

W

Wj+
fj∗Wj+1

fj+1

<
fj+1

fj

METHODS OF RESOLUTION: 2) APPROXIMATION RATIO
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• Cmax
⋆ : optimal solution for non-preemptive scheduling 

• Cmax: solution obtained by the approximate method (NPS)

• Cmax
′ : optimal solution for preemptive scheduling (PS), Cmax

′ = 
Wj

fj
+

Wj+1

fj+1

𝑻𝒉𝒆𝒐𝒓𝒆𝒎: the approximation ratio in the worst case is given by  
Cmax

Cmax
⋆ ≤

W

Wj+
fj∗Wj+1

fj+1

<
fj+1

fj

In the worse case, we execute all tasks on the processing element pj : Cmax ≤
W

fj
with W = σi=1

n wi

Cmax

Cmax
′ ≤

W
fj

Wj

fj
+

Wj+1

fj+1

=
W

Wj +
fj ∗ Wj+1

fj+1

Cmax
′ ≤ Cmax

⋆ ⟶
Cmax

Cmax
⋆ ≤

Cmax

Cmax
′ ⟶

Cmax

Cmax
⋆ ≤

W

Wj+
fj∗Wj+1

fj+1

METHODS OF RESOLUTION: 2) APPROXIMATION RATIO
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• Cmax
⋆ : optimal solution for non-preemptive scheduling 

• Cmax: solution obtained by the approximate method (NPS)

• Cmax
′ : optimal solution for preemptive scheduling (PS), Cmax

′ = 
Wj

fj
+

Wj+1

fj+1

𝑻𝒉𝒆𝒐𝒓𝒆𝒎: the approximation ratio in the worst case is given by  
Cmax

Cmax
⋆ ≤

W

Wj+
fj∗Wj+1

fj+1

<
fj+1

fj

In the worse case, we execute all tasks on the processing element pj : Cmax ≤
W

fj
with W = σi=1

n wi

Cmax

Cmax
′ ≤

W
fj

Wj

fj
+

Wj+1

fj+1

=
W

Wj +
fj ∗ Wj+1

fj+1

Cmax
′ ≤ Cmax

⋆ ⟶
Cmax

Cmax
⋆ ≤

Cmax

Cmax
′ ⟶

Cmax

Cmax
⋆ ≤

W

Wj+
fj∗Wj+1

fj+1

fj

fj+1
< 1 ⟶

W

Wj +
fj ∗ Wj+1

fj+1

<
W

fj
fj+1

∗ Wj +Wj+1

=
fj+1

fj

METHODS OF RESOLUTION: 2) APPROXIMATION RATIO
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• Implementation in C++ of PS and NPS algorithm 

• Solver Cplex to solve the model (P)

• 30 instances generated randomly  for 3 different sizes, small, medium and large

• Results
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NUMERICAL RESULTS

0

20

40

60

80

100

120

140

20_4 50_9 100_9 500_11 10000_11

Makespan

7,02%

0,27%

2,25%

153%

2,25%

3%

1468%

1850%

Number of tasks Number of machines

20 4

50 9

100 9

500 11

10000 11

Non-preemptive scheduling solution

Cplex solution (time limit = 1h)

preemptive scheduling solution

4,85%

1629%
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• Implementation in C++ of PS and NPS algorithm 

• Solver Cplex to solve the model (P)

• 30 instances generated randomly  for 3 different sizes, small, medium and large

• Run time
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NUMERICAL RESULTS

0

20

40

60
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140

20_4 50_9 100_9 500_11 10000_11

Makespan

<0.5 s

<1 s

>70 s

> 60m

<1 s

<0.5 s
<0.5 s

<0.5 s

<0.5 s

> 60m

<0.5 s

> 60m

Number of tasks Number of machines

20 4

50 9

100 9

500 11

10000 11

Non-preemptive scheduling solution

Cplex solution (time limit = 1h)

preemptive scheduling solution

<0.5 s

> 60m

<0.5 s
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CONCLUSION AND PERSPECTIVES

• Scheduling problem on heterogeneous platform

• Optimization of the performance/watt ratio

• Scheduling a chain of tasks

• Preemptive Scheduling: optimal solution

• Non Preemptive Scheduling: approximate solution with a guaranteed performance

• Perspectives

• Extension to more general classes of graphs (DAG) 

• Tests on real applications and real platform (RECS)
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